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A double auction mechanism that provides dominant strategies for both buyers
and sellers is analyzed. This mechanism satisfies the 1/n convergence to efficiency of
the buyer’s bid double auction. In addition, the mechanism always produces full
information first best prices; the inefficiency arises because the least valuable
profitable trade may be prohibited by the mechanism. The mechanism has an oral
implementation utilizing bid and asked prices. Journal of Economic Literature
Classification Numbers: D44, D62. € 1992 Academic Press, Inc.

INTRODUCTION

The dollar volume of assets exchanged via oral double auctions in the
world’s stock, bond, and commodity markets exceeds world GNP many
times over. For this reason, oral double auctions are perhaps the most
important trading mechanisms in the modern economy. In contrast to the
voluminous literature on one-sided auctions," little is known about double
auctions in general, and oral double auctions in particular.

The lack of knowledge about double auctions arises because the double
auctions studied tend to have immensely complicated bidding behavior.”
For example, Wilson [117] has shown that, if the number of buyers and
sellers is sufficiently large, the market satisfies Holmstrom and Myerson’s
[1] rotion of interim efficiency. The stronger notion of ex ante efficiency
is obtained only under the peculiar assumption of equal numbers of poten-
tial buyers and sellers. Similarly, Satterthwaite and Williams [10] study

* 1 benefitted from discussions with Kim Border, Mark Satterthwaite, and Sanjay
Srivastava, the comments of Steve Williams, and from the advice of Martin Hellwig and two
anonymous referees.

I See McAfee and McMillan [4] for a comprehensive survey.

2 5ome of the complexity arises even in the full information case. Suppose there are n buyers
and n sellers, all with values drawn from the same distribution. The efficient number of trades

3

is k with probability (/)/(3). The asymmetric information case, of course, inherits the

n

complexity of the full information case.
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the buyer’s bid double auction to eliminate strategic behavior on the part
of the seller, and thereby simplify the analysis.

In contrast to other studies, the present study examines a mechanism
which is remarkably simple to analyze. The simplicity arises out of two
aspects of the mechanism. First, both buyers and sellers have dominant
strategies, and these strategies involve honest reporting of valuations. Thus,
the strategic behavior which is the main complicating factor in other
studies is absent from this one. Second, the inefficiency is limited to the loss
of at most one efficient trade, and this trade is the least important of all
possible efficient trades, as it involves the lowest value buyer and highest
cost seller that would be involved in efficient exchange. As in other studies
of double auctions, only independent private vaiues will be considered.

One undesirable aspect of the mechanism is that it, on occasion, makes
money, although it never loses money. This appears to be necessary to
obtain dominant strategies.®> Moreover, trade on the New York Stock
Exchange involves a market specialist who makes money. This connection
is discussed in Section 4.

The mechanism can be illustrated with a simpler mechanism that is
closely related. Let buyers report their values, and rank them b, > 8,> ---;
also rank the sellers’ reported costs s; <s,< ---. Find the efficient trade
quantity k (satisfying b, >s, and b, | <s,, ) HLQ the k— 1 highest value
buyers trade with the k — 1 lowest cost sellers, with buyers paying b, and
sellers being paid s,, and the mechanism earning (k—1)(b, —s,). This
mechanism provides both buyers and sellers with dominant strategies, loses
only the least valuable trade, and earns money. The mechanism studied in
this paper is related in that it occasionally executes all efficient trades and
makes no money, but otherwise charges buyers b, and pays sellers s,.

It is important that the money earned by the mechanism be counted as
part of the social welfare. Thus, unlike the mechanism of Satterthwaite and
Williams, the present study requires an additional, nontrading agent who
serves as budget balancer or market maker by soaking up the excess
revenue generated by the mechanism. The assumption that a market maker
exists is less odious in this environment than in many mechanism design
problems because the mechanism never loses money. However, this
mechanism could not operate without the additional mmozr who does not
desire to buy or sell the good.

One important feature of the mechanism is that it can be specified, and
equilibrium- strategies computed, without knowledge of the distributions
that generate valuations. In particular, suppose the distribution F gene-

"3 The results of Hurwicz [2] show that efficient allocation, dominant strategies, and
balanced budgets are incompatible. These results, while suggestive, do not directly apply,
because the mechanism will implement an ex post inefficient solution.
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rating buyers’ valuations is not known to the buyers, but is viewed as a
random draw from a family of distributions, so that buyers’ valuations are
all drawn from the same random distribution function. This induces
correlation in the buyers’ valuations, which would severely complicate the
analysis of the buyer’s bid double auction, but presents no complication for
the present study.*

The mechanism I present has a natural oral implementation that is
related to the “double dutch” auction studied by McCabe, Rassenti, and
Smith [7]. The double dutch auction stops with equality of bid and asked
prices; this does not necessarily occur in the auction studied here.

Satterthwaite and Williams [107] have analyzed the asymptotic efficiency
of the buyer’s bid double auction and shown that buyers underreport their
true valuations by an amount of order 1/n, where n is the number of buyers
and sellers. They interpret this to mean that the importance of strategic
behavior vanishes quickly as the number of traders increases. However,
their result does not directly address the size of the efficiency loss arising
from strategic bidding as the number of traders increases, which is the
focus of the present analysis. Because of the dominant strategies, no under-
reporting occurs in equilibrium,® and the issue considered by Satterthwaite
and Williams does not arise. The present study shows that the expected
efficiency loss (for the dominant strategy mechanism, not the buyer’s bid
double auction) is also on the order of 1/n. From this, we can automati-
cally conclude that this is true of the mechanism which maximizes ex ante
expected welfare.

The second section describes the environment and analyzes the direct
implementation of the oral double auction with dominant strategies. The
third section demonstrates the convergence result. The fourth section
describes and analyzes the oral dominant strategy double auction, after
which a conclusion is offered.

TeE DIRECT IMPLEMENTATION

There are m buyers and n sellers in the market. Each buyer i has a
privately observed value b; for a single unit of the good, and each seller j
has a privately observed value s; for the single unit she possesses.

A buyer with value b who pays p and receives a unit of the good obtains
utility b— p; a buyer paying nothing and not receiving the good obtains

41 thank an anonymous referee for pointing this out.

5 To be precise, no underreporting arises when agents play their dominant strategies. There
are other equilibria, discussed in Remark 1. T follow Satterthwaite and Williams and assume
agents with dominant strategies play their dominant strategy.
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zero utility. Similarly, a seller who gives up her unit of the good valued at
s and receiving payment p obtains utility p — s, otherwise obtaining zero if
no trade and payment arise. Buyers and sellers are neutral to risk, and the
utility functions, up to the private valuations, are common knowledge.

The direct implementation of the dominant strategy auction is a direct
mechanism. Agents report their valuations to the mechanism, which
dictates trades and payments as a function of the reports. Prior to making
reports, agents know their own valuation, and the mechanism is common
knowledge.

Let by, .., b,, be the buyers’ reports msa S1, . 8, be the sellers’ reports.
Define the oaan statistics:

@A_VW\VANVW W@TSV AMV
and
SHSS)S o S8 (2)

Note the reverse ordering for buyers and sellers. We shall use the
notation (i) for the ith highest valuation buyer or ith lowest cost seller.®
I follow the convention

®¢:+:”mﬂﬁA\HNquv“OWu va
Sy 1y =inf{s: G(s)=1}. (4)

That is, the fictitious order statistic b,,,,, , is the lowest possible value and,
similarly, s, , ;) is the highest possible cost. The efficient number of trades
is the number k <min{m, n} satisfying

\.:3 S(kys (5)
and
b1y <Sgs1) (6)

where the mechanism dictates that trade occurs if it produces exactly zero
surplus. Finally, define

moﬂw@;iv._.w:?r:v“ (7)

where k is the efficient number of trades, satisfying inequalities (5) and (6).
We are now in a position to define the mechanism. The mechanism

®In the case of ties, by =by 1), the ordering is random, with each tied player having an
squal probability of being identified as being player (/). The analogous tie- -breaking rule
ipplies to sellers.
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arranges reported buyer and seller valuations as in (1) and (2) and
determines k and py.

The mechanism requires a budget balancer to operate. If po € [s)» buyl,
all efficient buyers and sellers (1) through (k) trade at price po. If
Po¢ [S)> by, only buyers and sellers (1) through (k—1) trade; in this
case buyers pay b, and sellers receive s, and the mechanism, or the
budget balancer, keeps (k—1)(b)—S())- It is important that the money
paid to the budget balancer be counted in the surplus, and the convergence
result depends on this assumption. This mechanism is called the direct
implementation of the dominant strategy auction.

THEOREM 1. Honesty is a dominant strategy for the direct implemen-
tation of the dominant strategy auction.

Proof. Consider first a buyer with valuation b, and let r denote the
buyer’s proposed report. Order the remaining buyers’ reported values (we
are not assuming our buyer has the highest value)

@NW@wW W@S\C
and the sellers’ costs,
S8 < - K8,

Let k denote the efficient number of trades given that our buyer trades, ie.,
by=s, and by, <Sgy1, and po= by +5ks1) In the case that our
buyer trades, he pays

Uk if po¢[ck, vl and r

Z U
po if poelc v and r=po.
If po¢ [s, bel, the buyer's utility is either b—v, or 0, depending on
whether r>b,; the usual Vickrey argument applies. Similarly, if
Po€ L5k, bic], the buyer trades at po unless the reports a value less than po,
in which case he is excluded from trading.

Now if there is a tie for being (k), and our buyer reports r=b,, the
buyer buys with certainty when po€ [s, b,]; so the preceding analysis
applies. However, if there is a tie involving our buyer and po ¢ [s;, b, ], the
mechanism randomizes over whether our buyer is excluded from trading.
This includes the case when by = by, for this implies po= Lbpoi+5Sks1)
>4by +bis1)=br1=by; thatis, po¢ [sk, be]. In this case, our buyer
receives b—uv, if r>by, 0(b—v;) if r=0b; for some 0e(0,1), and O
otherwise. It follows immediately that a buyer with b b, will never report
r=b,, and that a buyer with b =b, cannot do better than reporting r = by.
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It is useful to note that the price paid by any trader is invariant to that
trader’s report, provided that the agent trades with positive probability; the
only way a trader can affect the price is by eliminating himself from
trading. Thus, by reporting a value r € [sy, b,), when po ¢ [s,, b, ], a buyer
can reduce the price, but the eliminates himself from purchasing by doing
so, for he is now buyer (k). Similarly, if py € [s, b ], a report of r < p, can
lower the price, but also eliminates our buyer from trade, because there are
k efficient traders if r > s, or k — 1 if r <s,, and the report r < p, places the
buyer at k or higher. The case of the seller is similar. §

Remark 1. Honesty is not a unique equilibrium. Assuming all valua-
tions are nonnegative, consider the strategies where all buyers report 0 and
all sellers report a cost in excess of the maximum possible buyer value.
Clearly no agent unilaterally profits from deviating, and this comprises a
degenerate equilibrium.

There are also variants of this equilibria, at least in the full information
case. Let / <k, and suppose the /— 1 highest value buyers report the maxi-
mum possible value, and the /— 1 lowest cost sellers report a cost of zero.
Let buyer (/) and seller (/) report honestly, and finally buyers with values
less than b, report zero, while sellers with costs greater than s, report a
value exceeding both the maximum possible buyer’s value and 2b,. This
also comprises an equilibrium, although it depends, of course, on all buyers
knowing b, and sellers knowing s,, except in the case where /=0, which
was the first case considered. Thus, there are equilibria where dominant
strategies are not played, because buyers can report anything given that
sellers are expensive, and sellers will report high values, given that buyers
report very low values.

Even if sellers follow their dominant strategy, there may remain equi-
libria with no trade. Suppose possible seller costs range from L to H, with
H < 2L. There is an equilibrium where all buyers report zero valuations. To
see this, note that

| |
Sayz L>3H=5(s0)+ b)) = po,

since b, =0. Thus, a unilateral deviation by a buyer will not permit that
buyer to trade at any price, since po¢ [5), by, ]

Consequently, I must assume that agents play their dominant strategies.
Honesty is the only dominant strategy, for reports other than one's
valuation lead to losses or lost profits in some realizations.

Remark 2. The dominant strategies are unaffected by increasing
concave transformations of utility.
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TeE RATE OF CONVERGENCE TO EFFICIENCY

Satterthwaite and Williams establish that underreporting by buyers in
the buyer’s bid double auction converges to zero at a rate at least 1/m,
where m is the number of buyers and sellers. That is, if B, is a symmetric
equilibrium bidding function, then there is a continuous function ¢ so that
x — B,(x) < c(x)/m. The function ¢ will generally depend on the distribu-
tions F and G from which buyer and seller valuations are drawn, but does
not depend on the equilibrium selected, provided it is symmetric and
agents with dominant strategies play their dominant strategy. Moreover, if
the density associated with buyers’ valuations goes to zero at some point,
¢ may diverge at that point, but by assumption this is permitted only at the
endpoints of the interval support of the density.

The Satterthwaite and Williams result does not directly provide informa-
tion about the rate of convergence to efficiency, which is the focus of this
section. I shall show that the expected efficiency loss is also on the order
of 1/(m A n), where m A n=min{m, n} is the minimum of the number of
buyers and sellers, provided that the densities are bounded away from zero.

Because dominant strategies are independent of the distribution, a
modest amount of generality is available at low overhead cost. Let & be
a family of distributions with support [0,1] and continuous densities
bounded above zero over [0, 1].7 Suppose distributions F and G are drawn
from # according to some stochastic process. Denote the densities of F
and G by f and g, respectively. By assuming the densities of distributions
in # are bounded above zero, I have assumed that:

o =min{f(x): 0 1} >0, (8)

X<
y=min{g(x): 0<x<1}>0. 9)

Intuitively, the use of (8) and (9) is to force the order statistics to be of
order 1/(m A n) apart. If the density approaches zero, gaps may appear in
the order statistics that are not closed by additional realizations very
rapidly. Moreover, if biy—br1 18 unusually large, then k is more likely
to be i, because it is more likely that 54y <b and Sieny> by if by 1f
large and b ;) is small. Thus, calculating the efficiency loss is not merely
a matter of the expected difference in order statistics.

Valuations and costs are generated as follows. First, distributions F anc
G are drawn at random from % . Then, valuations by, .., b,, art
drawn from F and sy, ..., S, are drawn from G, and these are all draw

7 The restriction of support to [0, 1] generalizes to any compact interval. However, it i
important to the argument that F and G have the identical interval as support.
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independently, conditional on F and G.* Define the sample distribution
functions:

Fr'(b)y=(m—i)/m it by=2b>b,
and
G"(s)=i/n if s, <s<si40)

The number of buyers willing to pay the price p is m(1 — F™(p)), and
similarly the number of sellers willing to sell at price p is nG"(p). Thus, any
market clearing price p satisfies m(1 — F"(p))=nG"(p), and the efficient
number of traders is k=nG"(p). The efficiency loss associated with the
direct implementation of the dominant strategy auction is

Wo if poe _Hmt% byl

A= ]
b ey = S i) it poé [Sw) byl

The following lemma has a straightforward, brute-force proof located in
the Appendix. It does not depend on (8) and (9).

LEMMA 2.

i=1 /

man 1
EAS Y r A@@ (1 |q@:\lmsiN.QE-HWE

<[ (1= Fo) dy ax

+Y 33 (1= G())"=" FO)™ il = F(x))' ' f(x)
0 \1

i=1
x ‘ﬁ« G(y) dy dx.
G

Lemma 2 allows a direct proof of the rate of convergence to efficiency,
with a simple expression.

THEOREM 3. Ei<1/o(m+1)+1/p(n+1).

8 This process of generating the valuations is known as conditional independence, and is
*quivalent to the sequence of valuations being exchangeable, see Kingman [3] and Milgrom
ind Weber [9]. Observe that this process allows a certain type of correlation between the
-andom variables. I thank a referee for pointing out this free generality.
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Proof. Note that

[ a-roy <ot | 1R =0 EP00)

Similarly,
x ) B QAXVN%H
Gy dy<y ! ———.
.ﬁo () dy i+1

This yields, from Lemma 2,

Bi<o 'y [ Asv@ (1= G Fx)™

i=1 "0 \1

xN+|H G(x)' = g(x)(1 —F(x))™ " dx

ilmb@@:lq@::-%@vs-m
XNH.J ()1 — F(x)) =L G(x)'* " dx

71 2 b i

H€A§+: i=1 *0

«(17 ] ot (-Gl st d

Dk Asi Hv (1= FG))+! Foo—

m "o ! EI_IH i+1 N\ — 1
P 2 (1) oot -6t
(7)) =Ry R 0 d (11)

Consider the first term in (11); the second is symmetric. For 1<i<n,
define

.«N\N‘H 4 ,
naloAT_V9:1:%@:T%é.
For i <0, define \JCQIH,?Q and for i > n, define I';(x) = I',(x). Note that

I,(1)=1/n, and that I;(x) s nonincreasing in i and increasing in x.
Let 0=x,<x; < - <x,=lbea partition of [0, 1]. Below, the symbol

~ will signify an m@?oﬁBmﬁo: that is arbitrarily good, becoming equality
as the partition is refined. We have
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m AR

IH .
XQLV GO (1= Glx)y " glx) d

.c ;«\. Nzi_lw \+ §I~.
M_ ,_k\.l A i+1 v Aﬂl.mw@m\vv _N..‘..Ax.\v

Af _v G (1— G(x))'~" g(x) d

e§+: M \M_:Atlv

Jj=1

x (1 Im,@,\vv?: NAXLEL LL(x) — Ti(x;-1)]

v KS.I
€A§+_ ~ i+l

=1 i=—1

x (1— Ex\::: Floo)" = L (x) = Ti(x;21)]

n o (m+1 . -
n§ M A:, i v (1= F(x,)) " Flx, )"~ I(x,)
_— ,_ |
SA\::TH . _VVANM\N.._HTH v A_ [NMA.X\:N+_ NH.AX\.V:QIN
Jj=1 i= —
+1 , .
nﬁw ! v (1= Flx ) 5:%-;
n 1
Sotm ) oy

The first inequality uses I'/(x)>0, and the subsequent equality uses
i(x0)=T,(0)=0. The second inequality uses the fact that the family
f probability distributions over i given by (7, )(1— F(x))*! F(x)" "
s ranked by first-order stochastic dominance in x. Since I(x) is non-
ncreasing in i, this yields

m+1
i+1

WU \..“A.X\v A v AH INHA‘K\.V,VN,T 1 NﬂAuﬂ\.v~:l~.

\.:. SITH ( N. . §|~,
M NU.AXLAI-HV:Iw»x\iiiﬁq\iv .
i=—1

‘he second line in (11) is symmetric. §
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Remark 3. Since there are at least 2(m A n) potential traders, the
expected efficiency loss per potential trader is of order 1/(m A n)>.

ORAL DOUBLE AUCTION

The oral implementation of the dominant strategy auction, or oral domi-
nant strategy double auction, is a double auction related to Milgrom and
Weber’s [8] stylized model of the English Auction. The auction operates
in continuous time, starting at #=0. At each moment in time 7, a state of
the system involves bid and asked prices f(¢) and o(t), and the number of
active buyers and sellers m(¢) and n(t).? Initially, all buyers and sellers are
active:

m(0)=m,
n(0)=n.

A strategy for either a buyer or a seller is a time to become inactive, as a
function of the state of the system (B(2), o(¢), n(2), m(2), ?). It is convenient
to think of active buyers and sellers in a room together, remaining active
by remaining in the room. Buyers and sellers become inactive by exiting,
which is irrevocable. If a buyer (seller) becomes inactive at time ¢,
m(t)(n(t)) is decreased by a unit. Bid and asked prices are initially set at
the most favorable levels:

B(0) = inf{b: F(b)>0}
and
o(0)=sup{s: G(s) <1},

for the buyer and seller, respectively. During the play of the game, bid and
asked prices are governed by the differential equations:

o J1 if m(t)=n(t)
B Wo it m(r)<n(t)

o e zm()
QSI? it n(r)<m(t).

Thus, the bid price rises at a unit rate unless there are fewer buyers thar
sellers, in which case the bid price is constant. Similarly, asked prices
decline at a unit rate unless there are fewer sellers than buyers, in whict
case it is constant.

91 abuse notation by using the same symbol for the total or initial number, and the numbe
as a function of time, for its mnemonic value.
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The game ends at the first time 7" occurring with the following conditions
srevailing:

(1) m(T)=n(T) and,
(i) B(T)=a(T).

At termination, trade occurs at prices 8(T) and o(7T) involving all active
»uyers and sellers. Buyers pay (7") and sellers are paid o(T).

It is obviously a dominant strategy for a buyer with value b to remain
wctive so long as b > f(¢), and similarly for a seller to remain active so long
1s s < a(z).1°

Once the equilibrium strategies are recognized, the play of the game is
:asily described. Consider the case m <n. Bid prices rise until n — m buyers
wre eliminated, with asked prices constant. Then both prices move toward
rach other until a player is eliminated. If a seller is eliminated, asked prices
reeze, and bid prices rise until a buyer is eliminated. Thus, bid prices
‘walk up” the demand function and asked prices “walk down” the supply
unction (refer to Fig. 1) from right to left; if one gets ahead, he politely
»auses until the other catches up.

Vin
Supply
Cor1) =
kD[
Demand
Sl
k Quantity
FIGURE 1

' This is not the only equilibrium strategy. If () <o(¢), a player can forecast that the
ame’s termination is at least 3(o(¢) — B(¢)) units of time away, so remaining active is costless.
eliminate such behavior by presuming a lexicographic preference for profits over exiting: any
asitive level of profits is preferred to early exit, while early exit is preferred to later exit.
‘owever, all players exiting at =0 comprises an equilibrium.
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This situation prevails until the time ¢, where
E&HFTCVAE\QCNQAD“
and there are k players left of each type. If
Sy <3(bges T Sren) S by

bid and asked prices will meet in the middle, at po, and all k£ buyers and
sellers will be involved in trade. Otherwise, one player will be eliminated
before p, is reached; the other of player’s price will continue to change
until one of this type is eliminated as well.!* This occurs at B(¢)= b, and
o(t) = s, which ends the game.

This oral auction implements the direct implementation of the dominant
strategy auction described in Section 2 and thereby inherits all its con-
vergence properties. The auction is not dissimilar to a one-shot version of
the behavior on the floor of the New York Stock Exchange. One important
aspect of the NYSE is that, for each stock, there is a market specialist who
occasionally intervenes in trade and keeps track of supply and demand at
asked and bid prices. Like the mechanism in the present study, the
specialist makes money. It is not unreasonable to view the specialist’s
purchases and sales as buying at s, and selling at b, to clear the market.
Of course, owing to the dynamic aspects of the NYSE, the analogy is
stretched, but the oral dominant strategy double auction is as reasonable
a4 model of the NYSE as a sealed-bid double auction. Perhaps more signifi-
cant for any such analogy, private valuations constitute an unreasonable
model of stock valuations.

The oral dominant strategy double auction stylizes the movement o
prices in much the same way as Milgrom and Weber [8] stylized the
movement of prices for the English (ascending oral) auction, and the
assumption of irrevocable exit is analogous as well. The response of price!
to excess demand or supply is extreme in the oral dominant strateg)
double auction, owing to the discrete nature of the good. Alternative prici
movements, such as rates of change depending continuously on th
difference m(t) —n(t), would typically climinate the dominant strategies.

11 1f two or more such players wish to exit simultaneously, a tie-breaking rule is called for
and only one player, chosen at random, eliminated. This rule is only invoked if preventing
player from exiting will end the game. The tie-breaking rule does not disturb the dominar
strategies. Moreover, it ensures that the dominant strategy equilibrium of the oral dominar
strategy auction coincides with that of the direct implementation.
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CONCLUSION

The double auction model analyzed here possesses some attractive
‘heoretical features. First, the absence of strategic behavior means that the
sroperties of the equilibrium can be established purely on the charac-
eristics of the underlying distribution, without reference to bidding
sehavior. Second, because at most one transaction is lost, and that is the
east valuable, it is immediate that the per trader efficiency loss is of order
l/n. Finally, both the mechanism and the equilibrium strategies can be
lefined without reference to the underlying distributions, so that the
zame and equilibrium allocations are not very sensitive to changes in the
istribution of buyer types.

One interesting question concerning the direct implementation of the
iominant strategy auction is whether the mechanism’s revenue converges
‘0 zero. The distribution of the efficient quantity & is difficult to work with;
‘his complexity is inherent in the full information model. It is easily shown
‘hat

. 1 m—1 . .
prtkzi=[ (") (- RO Ry

0 i—1

n
J

which appears more or less useless. Worse still, the value by —sy, is
sorrelated with k. In particular, if b;)— s, is unusually large, it is more
likely that b;, 1)~ 54 1y>0 and thus that k> i+ 1. This correlation makes
an analysis of (k—1)(by,—su) very difficult. In addition, E(k—1) is of
order n, while E(b(,,—sq,) is of order 1/n, so that a simple rate argument
is not possible.

For the case when both F and G are the same uniform distribution, I
have simulated the distributions of outcomes with various values of n=m,
‘he results of which are summarized in Table I. It would appear that the
orobability that poe [s«), bk,] is declining in n=m, but whether it con-
verges to zero is uncertain. It also appears that the gain to the mechanism,
k—1)(by)—5u), 1s increasing in n=m. When divided by log(log n), this
erm appears to decrease. Whether (k—1)(b)—s,) converges or not
‘emains an open question. It should also be noted that the direct
mplementation of the dominant strategy auction appears to perform
significantly worse than the buyer’s bid double auction, for small numbers
of traders, given the simulations reported by Satterthwaite and Williams.
However, the efficiency of the direct implementation of the dominant
strategy auction exceeds the efficiency of the double dutch auction found
sxperimentally by McCabe, Rassenti, and Smith [7].

There are at least two extensions of the double auction environment that

X MM A v G(bY (1—G(b))" ' dF(b)
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TABLE I

The Results of Simulations of the Mechanism, Given Identical Uniform Distributions and
Equal Numbers of Buyers and Sellers

Full surplus Mechanism’s Percentage of Buyer’s bid
(percentage) earnings (%) surplus lost percentage lost
n=m
2 64.66 0122 (3.06) 17.741 7415
3 59.57 0450 (6.48) 11.079 3.203
4 56.97 0737 (8.29) 7.593 1.748
5 55.32 0971 (8.56} 5417 0.263
10 52.48 1576 (6.61) 1.625 na
15 51.86 .1843 (5.08) 0776 na
25 51.29 2078 (3.39) 0.295 na
50 50.75 2273 (1.84) 0.0764 na
100 50.68 2365 (0.95) 0.0194 na
500 50.10 2476 (0.20) 0.0008 na
1000 50.26 .2481 (0.10) 0.0002 na

Note. The first column is the number of buyers and sellers. The second column provides
the percentage of times the mechanism achieved the full information efficient solution. The
third column gives the average earnings by the mechanism, both absolutely and as a percent-
age of the total surplus. The fourth column is the average value of nonexecuted trades divided
by the average full information gains from trade, in percent. For each value of n, there were
50,000 double auctions simulated. Finally, the fifth column gives the percentage losses for the
buyer’s bid double auction, as reported by Satterthwaite and Williams: [10], under the same
distributional assumptions.

would be quite valuable. First, trade executed by double auctions typically
involves multiple units, and a proper analysis with multiple units per trade:
would be interesting. The direct implementation of the dominant strateg)
auction loses its dominant strategy property when multiple units are intro-
duced, because a buyer would be tempted to lower his report on one unit
hoping to obtain a lower price for other units he buys. McAfee [5] ha:
shown that continuous quantities may permit implementation of efficien
allocations, and thus multiple units may improve the situation.

The second issue is private values and correlation in values. This pape
dealt with correlated values to a very limited extent, and did not conside
generalizations outside of private values. Yet, as Milgrom and Weber [8.
persuasively argue. private values is an implausible assumption, failing il
for example, buyers have private information about the durability or resal
value of a durable good. An analysis offering the generality for the doubl
auction that Milgrom and Weber brought to one sided auctions appear
intractable. However, McAfee and Reny [6] offer a mechanism desig
approach to such problems in the presence of risk neutrality and correlate:

signals.
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APPENDIX

Proof of Lemma 2. First, note that if 1> 0, that is, if p,¢ [Sky> Dryds
then either (i) by, ) <su or (ii) Se+1y> by, or both. Let 1 be the
characteristic function, so that 1, is 1 on the set A, and 0 otherwise. For
i<m,

NQ@S - QSV 1 EI:A::A@:LW

Flsi)\" ™!
=E *F: IM:L AW&V 1 E:m?_*

= i) orta=cor—rge

<[ @s:ﬁwv 3:|:§1zs?éé&

= [} i(7) o =Gt Foy
xﬁ QL:QV (1— (b))~ £(b) db ds

I% Av ()~ (1 —G(s))" " g(s) F(s)"~ h AN@VEIE@:N%&%

For i=m<n, this evaluates to E{b,, —s,}. Similarly,
E{uy =500 Vsmman} = |, 1) (1= F @)Y= oy~ fio)

x A”_v (1—Gb))y ' ﬁ G(s)' ds db.

0
Finally,

m.,"@:il.w;vv 1 ?@?:S;LL

< N.:NVQQ - ,m;;v 1 {btk+ 1)< s} v T.;a,:w\u::vw

maAan

M NAAWS|%?L~1~:+:A:;Aw::C?:r:VF;vV ww

i=1
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Chis completes the proof. |
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